The degree of irreversibility of initially localized states in a time-reversal test is argued to be equivalent to the growth of noncommutativity of two unequal-time operators in quantum chaotic dynamics. This conjecture is tested for a quantum kicked rotor and interacting many-body systems. Our results show the dominance of three-rather than four-point out-of-time-ordered correlators for the growth of the squared commutator.
Introduction. Characterization of quantum chaos [1] [2] [3] has attracted considerable interest since the late 1970s [4] [5] [6] [7] [8] . While quantum chaos has often been studied through comparison of the eigenvalue/vector statistics of a Hamiltonian with those of random matrices [4, 6, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , it can also be characterized by its dynamics as in classical chaos [23] . A prime indicator of such dynamical characterization is irreversibility in chaotic motion. As Loschmidt once stated [24] , by reversing the velocity of all particles after the state of the system becomes stationary, the state eventually returns to the initial state. However, such reversal cannot be perfect due to imperfection of the control of microscopic degrees of freedom [25] . To be specific, let us consider a time-reversal test [26] [27] [28] in which a system evolves forward and then backward in time for the same time period by adding a small perturbation upon or during the return process. If the dynamics is chaotic, the final state deviates significantly from the initial state however small the perturbation is [28, 29] . References [26, 27, 30, 31] discussed the irreversibility in quantum chaos measured by expectation values of observables under the time-reversal test with a unitary perturbation added upon reversal [32] . Note that localized states are usually assumed as initial states because such states are suitable for the study of irreversible delocalization of the state under the time-reversal test [5, 26, 27, [29] [30] [31] 33] .
Recently, the growth of quantum noncommutativity of two unequal-time operators has been proposed as yet another dynamical probe of quantum chaos. In fact, an expectation value of a squared commutator of two unequal-time observables has actively been investigated in fields ranging from high-energy [34] [35] [36] [37] [38] [39] to condensedmatter physics [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] . For semiclassical chaotic models before the Ehrenfest time [35, [53] [54] [55] [56] [57] [58] [59] [60] , the semiclassical approximation ensures that the squared commutator grows exponentially reflecting the instability of phasespace trajectories.
Then the following question naturally arises: how are the two fundamental dynamical chaotic indicators, irreversibility and noncommutativity, related to each other? Several studies have suggested a close connection between the squared commutator and the Loschmidt echo [55, 57, 61, 62] , but quantitative understanding has remained elusive. Recently, Schmitt et al. [31] have discussed that the irreversibility measured by observables after the time-reversal test can be written as a certain type of commutators. However, it is unclear how their results are related to previous discussions on noncommutativity growth based on the squared commutator.
In this Letter, we argue that noncommutativity and irreversibility are essentially equivalent to each other for initially localized states. Namely, the squared commutator C AB (t) := − |[Â(t),B]| 2 of two unequal-time observablesÂ(t) andB =B(0) is equivalent to I AB (t) := Â (t) †B †BÂ (t) , which is interpreted as the irreversibility measured throughB (we assume B = 0) under the time-reversal test against perturbationÂ at time t. In fact, we prove the following relation:
where α t is a time-dependent numerical factor satisfying |α t | ≤ 1, s t measures the stability ofÂ(t) †Â (t) against the initial perturbation ofB, and r t represents the reversibility ofB †B under the time-reversal test (see Eq. (3)). We argue that s t = O(1) and r t 1 for initially localized states in chaotic systems, and hence C AB (t) I AB (t) (see Fig. 1(a) ). We test the validity of this conjecture for two prototypical examples of quantum chaos, namely, a single-particle kicked rotor and interacting nonintegrable many-body systems. For the latter systems, we also argue that r t 1 no longer holds for thermal initial states if the time-reversal test does not macroscopically change the energy. Equation (1) reveals the importance of an outof-time-ordered correlator (OTOC) in the form of three-point rather than four-point correlators [63] . The squared commutator can be decomposed as
†Â (t)B is a time-ordered correlator and F AB (t) := Â (t) †B †Â (t)B is an OTOC [64] . Previous studies mainly considered thermal-equilibrium initial states, which are delocalized, and argued that the dynam- (dotted) for initially localized states. Irreversibility IAB(t) = Â (t) †B †BÂ (t) (solid) dominates the growth of noncommutativity CAB(t). (b) For initially thermal states, only FAB(t) = Â (t) †B †Â (t)B (long-dashed) is considered to show a nontrivial decay around a timescale t * , contributing to CAB(t), while IAB(t) and DAB(t) = B †Â (t) †Â ics of four-point OTOC (4-OTOC) F AB (t) contributes to a nontrivial growth of C AB (t) around a timescale t * , while I AB (t) and D AB (t) rapidly decay to constant values much before t * (Fig. 1(b) ) [34, 35, 38, 46, 65] . In this case, [Ĥ,ρ] = 0 and thus I AB (t) is (anti-)timeordered ( Fig. 1(c) ). For nonequilibrium states satisfying [Ĥ,ρ] = 0, the three-point correlator I AB (t) becomes an OTOC, which we refer to as a three-point OTOC (3-OTOC). From Eq. (1), we can show that the 3-OTOC I AB (t) rather than the 4-OTOC F AB (t) dominates the growth of C AB (t) for initially localized states ( Fig. 1(a) ) [66] .
Irreversibility and noncommutativity. We show how I AB (t) measures the system's irreversibility for an initially localized state. We define localized initial states with respect toB as states that satisfy B †B B † (t)B(t) for sufficiently large t. We first decompose D AB (t) and I AB (t) as
are the states obtained from the initial statê ρ by two protocols (a) and (b) illustrated in Fig. 2 . This
Coarse-grained Wigner functions obtained from an initially localized stateρ =ρw in Eq. (6) with the width σ = 1, the strength of the kick K = 4 and an effective Planck constant eff = 2 −7 for the quantum kicked rotor in Eq. (5). Protocol (a) (red solid arrows) consists of (1) , and (8) measurement ofB †B . The multiplication of the two-timemeasurement results gives I(t) = Â † (t)B †BÂ (t) . For these Wigner functions, the initial stateρ =ρw, which is localized around (x, p) = (0, 0), spreads in the course of time evolution. The amount of spreading ofρt at time t = 6 is similar to that ofρ t , which leads to (i) in Eq. (4) withÂ =p (see also Eq. (3)). On the other hand,ˆ ρ t spreads rapidly, leading to (ii) in Eq. (4) withB =p.
figure shows the coarse-grained Wigner functions on the x-p phase space for each density matrix, which is numerically obtained by using the quantum kicked rotor as detailed later. Here, we focus on how they change for two different protocols. In protocol (a), the initial state is perturbed withB asρ =BρB † . We then perform time reversal for time −t, obtaininĝ
[67]. The product of the expectation value ofB †B forˆ ρ t and that ofÂ †Â for ρ t gives I AB (t). Note that this protocol is similar to the one used in Refs. [26, 27, 30, 31] , whereÂ is chosen to be unitary.
From Eq. (2), we obtain
I AB (t) = s t r t , where
Then the Cauchy-Schwarz inequality leads to
The definition of C AB (t) and the triangle inequality lead to |C AB (t) −
√ s t r t , which leads to Eq. (1). Now, we assume
The condition (i) means that time evolution ofÂ †Â is stable under the initial perturbation ofB. The condition (ii) means that the initial stateρ is irreversible due to the sensitivity against the time-reversal test. We argue that these two conditions hold true for chaotic dynamics with initially localized states, and hence C AB (t) I AB (t). In the following, we test this conjecture for a kicked rotor and quantum many-body systems. For the latter systems, we also argue that the condition (ii) breaks down for initially thermal states when the time-reversal test does not macroscopically change the energy.
Quantum kicked rotor. First, we numerically confirm Eq. (4) and C AB (t) I AB (t) for a single-particle quantum kicked rotor:
wherep = −i eff ∂ ∂x is the (angular) momentum operator and eff denotes the dimensionless Planck constant, which scales with . We impose a periodic boundary condition on x as −π ≤ x < π. Then,p has eigenvalues m eff and eigenvectors x|p m = . We consider an initial wave-packet statê
where
. See Appendix IA in Supplemental Material [69] for different initial states.
We considerÂ =B =p (the case whereÂ is unitary is discussed in Appendix IC [69]) after t (∈ Z) periods. Note thatρ w satisfies p = 0 and p
[70] for large t, namelyρ w is initially localized with respect top. Figure 3 (a) shows the dy-
Dynamics of the quantum kicked rotorĤQKR(t) with eff = 2 −6 , σ = 4, and K = 10. We takeÂ =B =p and the initial stateρw is given by Eq. (6). (a) Time evolutions of 
2p . We see that C pp (t) and I pp (t) are almost equal and that they both asymptotically behave as ∝ (1) explains C pp (t) ∝ t 2 , which cannot be explained from the semiclassical approximation.
Interacting quantum many-body systems. Next, we consider interacting many-body systems on N lattice sites. While we do not have a simple phase-space representation as in Fig. 2 , the above protocols are welldefined. We especially focus on the case whereĤ and B can be written as iĥ i and ib i , respectively. We assume that they are translationally invariant, namely the forms ofĥ i andb i are independent of the site i. We also assume B = 0, which leads to b i = 0. We consider a translationally invariant initial stateρ that satisfies the cluster decomposition property [74] , which means that for two distant regions I and J with I ∩ J = ∅,
is the f -th operator localized around site k f . From the cluster decomposition, we can show that the energies ofρ andρ are macroscopically equal (see Ap-pendix IIA [69] for a proof).
To justify condition (i) in Eq. (4), we assume the eigenstate thermalization hypothesis (ETH) [10, 12, 75] , which is expected to hold for nonintegrable systems [76] . The ETH justifies that any initial state with a given energy relaxes to a state described by the canonical ensemble at the corresponding temperature for most of the time [10, 12] . By applying the ETH, we find thatρ and ρ relax to the same canonical ensemble at inverse temperature β in the long run because they have the same energies. Thus, s t 1 for most of the time, which justifies the condition (i) in Eq. (4).
To discuss (ii) in Eq. (4), we consider the backward time evolution from the stateÂρ
in the protocol (b) (see Fig. 2 (7) We remark that the initially localized state defined above, which satisfies B †B B †B β , is naturally obtained for nonequilibrium states. To see this, we assume that the canonical ensemble has the cluster decomposition property and that b i β is nonzero in the thermodynamic limit. The former assumption is satisfied for sufficiently high-temperature systems in our setup [78] . The latter assumption means that the expectation value ofB forρ t is macroscopically distinct from that forρ (note that b i = 0), which generally holds true for localized nonequilibrium initial states after quench because. Then, we obtain B †B
Here, A 0 is a set where i and j are close. Thus, our assumptions above lead to B †B B †B β in the thermodynamic limit. From this discussion, we also obtain r t = O(N −1 ). We numerically check Eq. (4) and C AB (t) I AB (t) for a 1D transverse Ising model after a quench. The Hamiltonian is given byĤ
with a periodic boundaryσ
As an initial state, we consider the ground state ofĤ TI (h) with h = −5.0. Then, the initial state is close to the state where all spins are polarized upwards, i.e., localized in this direction. Then, we suddenly quench the parameter h to h = 0.5, at which this Hamiltonian becomes nonintegrable [79] . Figure 4 (a) shows time evolutions of C AB (t), I AB (t), D AB (t) and |Re[
. We see that I AB (t) and C AB (t) behave almost identically, while the other functions do not grow much. Figure 4 (b) shows time evolutions of s t , r t and √ s t r t . We see that two conditions (4) are satisfied when t 1 (namely, even before the dynamics becomes stationary), and that the second term in Eq. (1) becomes small. Conclusion and outlook. We have discussed that the quantum chaotic irreversibility I AB (t) caused by the time-reversal test implies the growth of noncommutativity C AB (t) for initially localized states (see Eqs. (1) and (4)). We have verified this for the quantum kicked rotor and nonintegrable quantum many-body systems. We have shown the dominance of a 3-rather than 4-OTOC for the growth of C AB (t) for initially localized states. Our setting is suitable for experiments, since nonequilibrium states can be prepared by the quantum quench and I AB (t) can be measured as the expectation value after the time-reversal test [42] .
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Note that we cannot discuss the difference between IAB(t) and DAB(t) on the right-hand side from the similar inequality for the regularized OTOC for the thermal state [37] . 
I. DETAILS OF NUMERICAL SIMULATIONS OF THE QUANTUM KICKED ROTOR
A. Short-time behavior and semiclassical representation
In this section, we consider the short-time dynamics of the quantum kicked rotor (Eq. (5) in the main text) before the Ehrenfest time t E and its semiclassical representation. We consider two localized initial states in momentum space (i.e.,B =p). The first is a wavepacket statê
which is discussed in the main text. The second is the canonical distribution for a free
This initial canonical distribution is localized with respect top (but notx) when we consider Note that the state is not stationary ([F ,ρ T ] = 0) due to periodic kicks. Thus, I AB (t) = Â † (t)B †BÂ (t) becomes a 3-OTOC for these initial states.
For reference, we also apply a semiclassical approximation to each correlator. We consider the average of a classical function S(x, p, t) over the Wigner distribution W of the initial states,
As shown below, every correlator is approximated before t E by S t for an appropriate S(x, p, t). The Wigner distributions of our initial states,ρ w andρ T , are approximated in Gaussian forms as
and (Upper panels) For both initial states and up to the Ehrenfest time t t E ∼ 6, C pp (t) and I pp (t) agree excellently and exhibit exponential growths, and they are well approximated by 2 eff ∂pt ∂x 2 .
(Bottom panels) Compared with I pp (t), D pp (t) and Re[F pp (t)] are well described by the classical average p 2 t p 2 for t t E .
respectively [1] .
As shown in Fig. S-1 , we first consider the short-time behaviors of
the classical average neglecting the noncommutativity p the latter behaves diffusively [5] , so this time-ordered correlator grows as ∝ t.
On the other hand, I pp (t) is proportional to t 2 , which is different from the classical diffusive behavior. Thanks to Eqs. (1) and (4) in the main text, C pp (t) also follows a t 2 power law [4] . The anomalous quadratic scaling for I pp (t) originates from the fact that the momentum distribution ofˆ ρ t spreads as much as that ofρ t . As we have seen in Eq. (2) forρ t andˆ ρ t , respectively. Figure S -2 (a) shows a diffusive, Gaussian profile in quantum chaos [6] . After the time-reversal test,ˆ ρ t will remain extended in momentum space, especially for large t. In this time evolution, P (p) forρ t andˆ ρ t obeys a dynamical scaling relation
as shown in the insets of Fig. S-2(a) and (b) [7] . Note that P (p) forˆ ρ t obeys the abovementioned diffusive scaling, even though it is not Gaussian. Such a delocalization, which obeys the scaling in Eq. (S-7), leads to
Thus, Eq. (2) in the main text and the above-mentioned diffusive behavior of p(t) 2 give
This clearly shows that the 3-OTOC I pp (t) gives the measure of irreversibility that explains the anomalous power-law growth of C pp (t) in the long-time regime.
C. Unitary perturbations
Here, we consider unitary perturbations, which can often be implemented experimentally [8] . We takeÂ =V = e ip eff , which translates the state by in the x direction, and B =p [9, 10] . Similarly to the case forÂ =p, the short-time dynamics of
exhibits an exponential growth that corresponds to − The perturbation-dependent behavior is understood, by using Eq. (1) with the conditions (4) in the main text, from the behavior of the following 3-OTOC: which grows in proportion to t 2 as can be seen from the results in the previous section [11] .
In this case, I V p (t) becomes sufficiently large, providing a measure of irreversibility which is more sensitive than fidelity [12] . On the other hand, for the large perturbation Note that we find a crossover into this regime even for small if we wait for a long time (i.e., large t). For both cases, C V p (t) I V p (t) (data not shown) holds true, which leads to results in Fig. S-3 .
II. DETAILS FOR QUANTUM MANY-BODY SYSTEMS
A. Unchanged energy after the perturbation ofB on the initial state
In this subsection, we show that the energies ofρ andρ =BρB † with the condition β = β . With an argument similar to that in the main text, the cluster decomposition property for the canonical ensemble at an inverse temperature β leads to anti-time-ordered. We stress that we cannot use such an argument for the perturbation that does not macroscopically change energy. In this sense, nonequilibrium localized initial states and the 3-OTOC are important because they satisfy Eq. (4) in the main text and C AB (t) I AB (t) even with the same-energy condition.
